We measure higher partial wave Feshbach resonances in an ultracold mixture of fermionic 6 Li and bosonic 133 Cs by magnetic field dependent atom-loss spectroscopy. For the p-wave Feshbach resonances we observe triplet structures corresponding to different projections of the pair rotation angular momentum onto the external magnetic field axis. We attribute the splittings to the spin-spin and spin-rotation couplings by modelling the observation using a full coupled-channel calculation.
I. INTRODUCTION
In the field of ultracold quantum gases, tunable interactions via magnetic Feshbach resonances (FRs) are a versatile tool to study of few-and many-body physics, e.g. ultracold molecules [1] , Efimov physics [2] , and the Bardeen-Cooper-Schrieffer (BCS) superfluid (SF) to Bose-Einstein condensate (BEC) crossover regime [3] . While these studies involved pairwise interaction in the s-wave channel, interactions at finite rotational angular momentum are predicted to lead to intriguing effects such as p-wave superfluidity (SF) in liquid 3 He [4] , d-wave high-T C superconductivity [5] , and super-Efimov effect in two-dimensional p-wave Fermi gases [6] . p-wave SF may be realized in spin-polarized fermionic atoms interacting via p-wave FRs [7] [8] [9] , where the observed splitting into m l = 0 and m l = ±1 components [10] can give rise to a phase transition between a topologically trivial and non-trivial SF phase [11, 12] . However, observation of p-wave SF in these systems remains elusive due to the short lifetime of p-wave Feshbach molecules [13] . Recently, broad d-wave resonances, which are promising for realizing d-wave SF pairing, have been observed in Refs. [14, 15] .
For high partial-wave (l > 0) FRs, anisotropic interactions in the closed channel lift the degeneracy among different projections m l of l in the lab frame and result in anisotropic scattering processes. This anisotropy can be controlled via tuning the external magnetic fields, which manifests itself as a multiplet structure in the * bzhu@physi.uni-heidelberg.de † tiemann@iqo.uni-hannover.de ‡ weidemueller@uni-heidelberg.de observed FR. One well-known example is the effective spin-spin (ss) interaction [10] , arising from both the direct magnetic dipole-dipole interaction (mDDI) and the second-order spin-orbit (so) coupling, which splits a lwave FR into l + 1 resonance positions corresponding to |m l | = 0, 1, . . . , l. The ss splitting has been observed in p- [10, [16] [17] [18] [19] [20] and d-wave FRs [14] and predicted to give rise to a phase transition between polar (p x ) and axial (p x + ip y ) SF phases near p-wave FRs in spin-polarized degenerate Fermi gases [11, 12] .
In this work we extend our previous high-precision study of 6 Li-133 Cs s-wave FRs [21] to higher partial waves. We observe p-and d-wave FRs in an ultracold mixture of 6 Li and 133 Cs via high-precision atom-loss spectroscopy and provide a theoretical description with a full coupled-channel (cc) calculation.
As we recently demonstrated in Ref. [22] , instead of the well-known doublet structures in p-wave FRs due to the effective spin-spin (ss) interaction [10] , a splitting into triplet structures corresponding to three projections m l = −1, 0, +1 of the rotational angular momentum l = 1 was observed. Such splittings were previously only studied at fairly low fields [23] , where the manifold of the pair rotation l = 1 is almost degenerate and the nondiagonal terms of the ss interaction result in the splitting. The present observation at high fields provides a full control over the angular momentum l and its projection m l in the scattering process by the external magnetic field.
We attribute the observed splitting between m l = +1 and m l = −1 components to the electronic spin-rotation (sr ) coupling, which is known from molecular spectroscopy of Σ-states with non-zero electronic spin S [24] [25] [26] [27] . This coupling takes the following form in a diatomic arXiv:1912.01264v1 [cond-mat.quant-gas] 3 Dec 2019 2S+1 Σ molecular state (S = 0)
(see, e.g., Ref. [28] ), where µ stands for the reduced mass of the atomic pair, R the internuclear distance, B(R) = 1/2µR 2 the rotational variable, and N the total angular momentum excluding the spin, i.e. the rotational angular momentum in Σ states. In the following we refer to the pair rotational angular momentum with N and use the atomic units. The dimensionless sr coupling constant γ contains two main contributions γ = γ (1) + γ (2) :
The first-order effect γ (1) arises from the direct coupling between the electron spins and the magnetic field produced by the rotating charges [25] and the second-order effect γ (2) accounts for a combined perturbation of the so and orbit-rotation interaction [26] . Simple estimations of both terms using the fact that the molecular states causing FRs are weakly bound deviate from the experimental observation, indicating significant contributions at short range.
Adding the accurate determination of Li-Cs d-wave FRs also observed in our experiments gives access to the rotational ladder of N = 0, 1, 2 states of the least bound vibrational state and allows us to improve the long-range description of the ground-state molecular potential curves.
This paper is structured as follows: In Sec. II we describe the atom-loss Feshbach spectroscopy on the p-and d-wave FRs. To understand the observed triplet splittings in p-wave FRs we estimate the sr coupling constant at large internuclear distance using a simple model in Sec. III. The cc calculation is described and the refined molecular potentials are presented in Sec. IV. We conclude the paper in Sec. V.
II. ATOM-LOSS FESHBACH SPECTROSCOPY
Our experimental procedure for producing an ultracold mixture of Li and Cs is described in Refs. [21, 22, 29] . In the end, a mixture of 5 × 10 4 (3 × 10 4 ) Cs and 3 × 10 4 (3×10 4 ) Li atoms at 430 nK (300 nK) is prepared for the p-wave (d-wave) measurements. Feshbach spectroscopy is performed by measuring the remaining fraction of Li and Cs atoms after optimized holding times in the trap, ranging from 400 ms (strong p-waves) up to 10 s (d-wave and one weak p-wave resonances), as a function of the magnetic field. We calibrate the magnetic fields by radiofrequency spectroscopy of the nuclear spin-flip transition between the Li |1/2, 1/2 and |1/2, −1/2 state. The Breit-Rabi formula is used to obtain the magnetic field strength. Its total uncertainty is derived to be 16 mG, caused by long-term drifts, residual field curvature along the long axis of the cigar-shaped trap, and calibration uncertainties. Table I .
A. p-wave resonances
We remeasure the five p-wave Feshbach resonances (FRs) reported previously in Ref. [18] with a higher magnetic-field resolution and lower sample temperature and all the loss spectrum after optimal holding times are shown in Fig. 1 with the loss features of both Cs and Li atoms. Triplet (Doublet) structures are observed for the resonances near 658 G, 663 G, and 709 G (714 G and 764 G). Multi-peak Gaussian functions are used to extract out the resonance positions B e m N and widths σ m N and the former are listed in Table I (see also [22] ). We note that the loss rate close to the 658-G resonance are so small that very shallow loss features are seen only with Cs atoms even after a 10-s holding time.
We have also studied the dependence of the loss fea- tures on the cloud temperature near the 663-G resonance by recording the loss spectra at varying trap depths, as shown in Fig. 2(a) . With increasing temperatures we observe shifts of the resonance positions towards higher magnetic fields and broadening of the loss peaks as expected for p-wave FRs [10] . At a temperature of 840nK the splitting between m N = +1 and m N = −1 components becomes unresolved as can be seen in Fig. 2 (a).
In Fig. 2 (b) the resonance positions B e 0 and loss widths σ 0 are plotted versus the temperature T . Similar to Ref. [30] , the data is to the lowest order approximated by linear functions, which yield a slope of 28(3) mG/µK for the resonance shift and 33(4) mG/µK for the loss width with a zero-temperature limit of 13(2) mG. The temperatureinduced resonance shifts for two-and three-body loss processes are about 2.5k b T /δµ ≈ T × 17 mG/µK and k b T /δµ ≈ T × 7 mG/µK [30] , respectively, with δµ ≈ h × 3 kHz/mG the differential magnetic moment between the bound molecular and free-atom states for the 663-G resonance. They are both considerably smaller than the fitted slope in Fig. 2(b) . One possible explanation for this discrepancy is a differential AC stark Shift between the molecular state and the free-atom state coming from the trapping light [31, 32] . The understanding of the loss width is more involved [30] and beyond the scope of this work. Interestingly, in Fig. 2 (c) we observe a temperaturedependent splitting between m N = +1 and m N = −1 components (δ e sr = |B e +1 − B e −1 |) and a linear fit yields a slope of 10(1) mG/µK and a zero-temperature limit of 18(1) mG. This temperature dependence might indicate that the loss mechanisms for the m N = +1 and m N = −1 components are different, i.e., the difference between the slopes of the temperature-induced shifts of the two-and three-body loss maximums is about 1.5k b T /δµ ≈ 10.5 mG/µK [30] . Such an observation implies the importance of using the experimentally measured temperatures when modeling the p-wave FRs theoretically.
B. d-wave resonances
To solve a systematic shift between the experimental observations of p-wave FR positions and their theoretical description with the molecular potential curves of [21] , we measure the d-wave Li-Cs FRs occurring in the two lowest-energy open channels in the field range of 340 G to 430 G. Instead of the predicted five resonances (see Table I ) we find three of them a couple of hundred mG away from the initial predictions, as shown in Fig. 3 . No splitting is expected for the observed d-wave FRs since the entrance channel is s-wave. The loss features are fitted to single-peak Gaussian functions to extract out the resonance positions, which are listed in Table I. In the region around the two unobserved resonances we measure Li-Cs loss rates of ≤ 0.02 s −1 , which are about a factor of five smaller than those at the reso- Each atom is composed of an ionic core at r β = (0, 0, z β ) and a valence electron at ri = (xi, yi, zi), with β = Li, Cs and i = 1, 2. The vector from the ionic core β to the valence electron i is r iβ = ri − r β = (xi, yi, zi −z β ). θLi (θCs) is defined as the angle from z axis to the vector r2Li ( r1Cs).
nance positions of the observed ones. This observation agrees with the calculated collision rates around the resonances. However, the atomic loss signal is dominated by the CsCsCs three-body recombination loss rates of approx. 0.15 s −1 in this magnetic field range. In addition, close to the predicted Li-Cs d-wave FR at 357.92 G we find a Cs-Cs g-wave FR [33] , which we determined to be at 358.12(5) G, leading to enhanced Cs three-body recombination.
III. A SIMPLE MODEL
The observed 20 mG splitting between m N = +1 and m N = −1 components of p-wave resonances corresponds to an energy splitting about 60 kHz (B ∼ 288 MHz), which is small compared to the ss interaction (∼ 600 kHz). To model this additional splitting arising from spin-rotation coupling, we consider the following simplified model of the Feshbach dimer: As illustrated in Fig. 4 , each atom is composed of an ionic core and a single valence electron and the pair separated by a distance R is bound via the static Coulomb interactions. To lowest order, the pair wavefunction (WF) can be approximated by the direct product of the atomic WFs of the lithium atom and the cesium atom |Φ 2s,6s = |φ Li 2s |φ Cs 6s , both in the electronic ground state with their cores (nucleus and electrons in the inner shells) being separated by a distance R. The electronic spins of the two active electrons add to a total spin S = 1.
A. Effective wavefunction
At an internuclear distance R > R LR ≈ 20a 0 , the LeRoy radius between the ground state Li and Cs atoms [34] , we approximate the molecular potential between the two atoms by the van-der-Waals interaction V vdW (R), resulting from an admixture of the excited state |Φ 2p,6p = Figure 5 . (a) The unperturbed atomic WFs of the two lowest energy states of 6 Li and 133 Cs. Here r is the distance between atomic nucleus and valence electron. (b) Log-log plot of estimated first-order and second-order contributions for γ at R > 20 a0. γ (1) 
|φ Li 2p |φ Cs 6p to the ground-state WF [35, 36] . The molecular ground state is then given by
where the sum includes all substates of |Φ 2p,6p and the mixing coefficients C being proportional to the product of the dipole matrix elements between the ground and excited state of lithium and cesium, respectively (see the Appendix VI A for more details). The radial WFs can be obtained from the open source library ARC [37] and are depicted in Fig. 5 (a) for the two lowest-energy states of 6 Li and 133 Cs.
B. Spin-rotation coupling
Following the derivation as presented in [38] (see also [39] , where the ss and sr couplings for the X 3 Σ − g state of O 2 are evaluated), the spin-rotation energy is given by Eq. (1). It contains two contributions in an effective Hamiltonian model. The first-order term is simply given by the direct coupling of the electron's magnetic moment to the magnetic field associated with the rotation of the charged atomic cores. The sr coupling constant then reads γ (1) 
(3) Here, g is the g-factor of the electron and α is the fine structure constant. The subscripts i = 1, 2 and β = Li, Cs denote the two valence electrons and the atomic cores, respectively. The coordinates are defined in Fig. 4 and S = s 1 +s 2 . The effective charges of the atomic cores seen by the valence electrons, including the shielding of the nuclear charge by the inner electrons, is taken as Z 2Li = 1.3, Z 1Cs = 6.4, and Z 1Li = Z 2Cs = 1 [40, 41] . Due to the large interatomic separation, the contribution of the excited state |Φ 2p,6p to the first-order sr energy is negligible within the approximations made here (see Appendix VI A).
The second-order contribution to the sr energy arises from the finite electronic orbital angular momentum induced by the rotation of the nuclei, which then undergoes spin-orbit coupling involving the electronically excited states admixed to the ground state. The resulting perturbation to the ground-state energy reads [38] H (2) 
where we approximate the excited molecular state with the atomic one |Φ 2p,6p and the sum has to be taken over all its substates. E Li,2p (E Cs,6p ) is the energy of the lithium 2p state (cesium 6p state) referenced to its atomic ground state. The electronic spin-orbit Hamiltonian is given by H e so = i A i (R) l i · s i with l i (s i ) the orbital (spin) angular momentum of the electron i. The total electronic orbital angular momentum is the sum of individual ones as L = i l i . From Eq. (4) we derive the following expression (see Appendix VI A).
(5) Here A = i A i (R)/2 and the spin-orbit coupling constants for the two unpaired electrons A i (R) are approximated by their atomic values A Li,2p and A Cs,6p .
In Fig. 5 (b) we show γ (1) and γ (2) calculated from Eqs. (3) and (5), respectively, as a function of the internuclear distance R. Details can be found in the Appendix VI A. Both the first-order and second-order effects contribute at most on the order of 5 × 10 −6 at R > 20 a 0 , which gives rise to an energy on the order of 1 kHz, much smaller than the observed energy splitting of 60 kHz. The deviation of the simple model presented here from the experimental observation mainly comes from the secondorder effect, which couples much lower-lying molecular states strongly at short internuclear distances and thus dominates. Short-range contributions need to be taken into account to reproduce the observed triplet structure. In the following we will present a full cc calculation to model the FRs in Li-Cs and the results are compared with our experimental observations.
IV. COUPLED-CHANNEL CALCULATION

A. Hamiltonian
The full Hamiltonian for the cc calculation reads
where T = −∇ 2 /(2µ) is the relative kinetic energy with the reduced mass µ of the vibrational and rotational motion. V S are the molecular potential curves of the singlet ground state X 1 Σ + and the triplet one a 3 Σ + , and P S their projection operators. S = 0, 1 is the total electron spin of the atom pair.
The third term in Eq. (6) is the hyperfine coupling with the electronic s β and nuclear spins i β , where the summation β is performed over the two atoms Li and Cs. The functions a β (R) describe the molecular hyperfine coupling and approach the atomic hyperfine constants at large internuclear separations R [42] . Because of missing data of hyperfine splittings of deeply bound levels we keep a β at the respective atomic values. The Zeeman term contains the coupling of the electron and nuclear spins to the homogeneous external magnetic field B with the electronic (nuclear) g-factors g s,β (g i,β ) and the Bohr magneton µ B .
The last two terms account for the effective ss interaction and the sr coupling, respectively. The function λ(R) in the ss interaction includes both the mDDI and the second-order so coupling and reads as
Here α is the fine-structure constant and a soi and b i are free parameters to be determined by fitting the experimental double splittings. The sr coupling is used in the same form as in Eq. (1) with the free parameter γ to be fitted. Both terms are discussed and compared in detail in Ref. [22] , especially the uniqueness of including the sr coupling in Eq. (6).
B. Calculation
The cc calculation is performed as described in Repp et al. [18] with the extended Hamiltonian from Eq. (6), using atomic hyperfine constants and g-factors of Li and Cs from Arimondo et al. [43] and atomic masses from Table I . Experimental positions B e of the Li-Cs s-, p-, and d-wave FRs and comparison to our current cc calculation δ = B e −B t . The kinetic energy used in the cc calculation is specified by a temperature T , which corresponds to the measured temperatures for the loss-spectroscopy measurements. We assign the good quantum numbers in the closed channel [18] to all the resonances: the project mF of the total angular momentum F = f + l, G = S + iCs, and the projection mN of the pair-rotation angular momentum N . tables by Audi et al. [44] . The precise determination of FR positions and scattering lengths relies on the knowledge of accurate LiCs molecular potential curves of the electronic ground states X 1 Σ + and a 3 Σ + . The molecular potentials are expanded in a power series of internuclear separation R [45] . The coefficients are fitted to simultaneously reproduce 6498 rovibrational transitions from laser-induced fluorescence Fourier-transform spectroscopy [46] as well as all known Li-Cs FRs (see Table  I ). From the calculation we extract the theoretical resonance positions B t as the peak positions of the two-body collision rate at a kinetic energy corresponding to the measured atomic cloud temperature for each resonance.
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C. Comparison to measurements
In Table I The measurement of s-, p-, and d-wave FRs is equivalent to a high-precision spectroscopy of the rotational ladder of the least bound vibrational level and enables us to refine the long-range part of the molecular groundstate potentials. With the optimized molecular potential curves and inclusion of the sr coupling we achieve over all 32 FRs a total weighted RMS error of 16 mG, which is an improvement by a factor of two compared to previous theoretical analysis [47] .
All the observed resonances are caused by the least vibrational level below the free-atom absolute ground state (f Li = 1/2 + f Cs = 3) at zero magnetic field, which is a significant triplet-singlet mixture with S ≈ 0.7. At high magnetic fields, both the projection m f of the total angular momentum f (excluding N ) and the projection m N of the pair rotation N are good quantum numbers and hence m F = m f + m N . f and N are also good quantum numbers. Due to the strong Cs hyperfine coupling, G = S + i Cs is good as well.
D. Fitted molecular potential curves
The parametrization of the molecular potentials is described for example in Gerdes et al. [45] . The potentials are represented in three parts: the repulsive shortrange part U S (R), the intermediate range U I (R) and the asymptotic long range part U L (R), which are given by the following expressions:
with
and
where the exchange energy is given by
It is negative for the singlet and positive for the triplet potential. The long range parameter C i with i > 10 are used for smooth connection at R l . For the deep ground state we fitted an adiabatic Born-Oppenheimer correction [48] for the simultaneous description of both isotopes of Li. The correction potential U corr (R) is represented as with
with M ref being the mass of the selected reference isotope 7 Li and n being the power of R in the leading term of the long range interactions, i.e. n = 6. The parameters of the refined LiCs singlet and triplet molecular potential curves are listed in the Appendix (see Table III ). A computer code in FORTRAN for calculating the potential functions can be found in the supplement of [47] . From the new molecular potentials we calculate the singlet and triplet scattering lengths for both Li isotopologues and list them in Table II . They are slightly different from the former reported values [47] which reflects the largely extended data set. Because of missing observation of FRs for 7 Li-133 Cs, the uncertainties for the corresponding values extrapolated by mass scaling and Born-Oppenheimer correction are larger in comparison to the uncertainties in 6 Li-133 Cs.
The parameters in Eq. (7) describing the secondorder so contribution to ss interaction are fitted to be: a so1 = −1.99167, b 1 = 0.7, and a SO2 = −0.012380, b 2 = 0.28. The sr parameter γ in Eq. (6) has the value |γ| = 0.000566 (50) .
V. CONCLUSION
In conclusion, we have experimentally and theoretically studied p-and d-wave FRs in a Li-Cs mixture. By employing all known spectroscopic data for the states X 1 Σ + and a 3 Σ + and all measured FRs in our experiment we have derived new ground-state potentials in a least squares fit. Limitations in their usage for predicting molecular levels should be expected because FRs were only observed for the isotope pair 6 Li-133 Cs, whereas laser spectroscopy [46] was mainly performed on the 7 Li isotope, and only few data on the state X 1 Σ + for 6 Li 133 Cs exist. The extension of the Feshbach data to 7 Li-133 Cs and the conventional laser spectroscopy covering the isotopologue 6 Li 133 Cs would be very important to improve the knowledge of the Born-Oppenheimer correction which is significant because of the large mass change of the light Li atom.
We have found a triplet splitting of p-wave FRs at high magnetic fields for the m N = 0 and m N = ±1 components of the scattering channel. By our cc calculation we have attributed this effect to spin-rotation coupling. A simple model to calculate the contributions to this coupling at large R indicates the dominating short-range contributions, highlighting the ability of using FRs to access subtle angular-momentum couplings and molecular wavefunctions in a diatomic molecule. We calculated the binding energies for the hyperfine manifold of the levels directly below the atom pair asymptote f Li =1/2+f Cs =3 at zero magnetic field and found that the spin-rotation contribution for rotational angular momentum up to l = 2 is below 300 kHz and strongly dependent on the total angular momentum. Measuring these binding energies with high precision, e.g. with rfspectroscopy, would allow one to determine the sign of this interaction. The extrapolation to higher N values and especially to more deeply-bound levels will lead to significant uncertainties because of missing experimental data in that range.
ACKNOWLEDGMENTS
We are grateful to E. Lippi for helping prepare Fig (2), we follow the perturbative derivation of the dispersion coefficients for the ground-state potentials of bialkali atoms presented in Ref. [35] , which is valid roughly to the LeRoy radius (R LR ≈ 20 a 0 ) [34] .
The first-order correction of the unperturbed ground state WF |Φ 2s,6s involves the states with both atoms being in their first excited state |Φ 2p,6p . More explicitly, the first-order WF reads with c = φ Li 2p |r|φ Li 2s φ Cs 6p |r|φ Cs 6s ≈ 24.1, which are plotted in Fig. 6 as a function of R. The second-order contributions are a factor of 10 −4 smaller and thus negligible. The corresponding energy correction is of second-order and represents the well-known van-der-Waals potential V vdW = −C 6 /R 6 for two atoms in the ground state with the coefficient
which is consistent with the values from our cc calculation (see Table III ) and Refs. [35, 36] . b. Nuclear wavefunction For the last vibrational state of the LiCs triplet ground state potential a 3 Σ + , the inner (R i ) and outer (R o ) turning points are at about 8 and 43 a 0 , respectively. Using the semi-classicial (WKB) method [49] , at R i < R < R o the nuclear wavefunc-
, while it decays exponentially outside this region. Here
2µR 2 ] is the local classical momentum with E b ≈ −h × 3.4 GHz the binding energy [47] . The molecular potential V (R) dominates over E b and the centrifugal barrier N (N +1) 2µR 2 in most cases between the two classical turning points, so p(R) ≈ −2µV (R). It can be approximated by the Van-der-Waals potential V vdW = −C 6 /R 6 at R > R LR , which results in ψ(R) ∝ R 3/2 for R LR < R < R o .
First-order contribution
As drawn in Fig. 4 , the magnetic interaction energy of the electron spins with the electronic and nuclear orbital motions is given by [50] 
where β represents the atomic cores and (i, j) the (two) active electrons, Z iβ is the effective nuclear charge of β seen by the electron i. r iα = r i −r α and r ji = r j −r i . Due to the fast oscillatory nature of the electronic motions, their contributions described by the second term in the bracket of Eq. (16) average to zero. The nuclear velocity v β can be replaced by ω × r β or N µR 2 × r β , where µ is the reduced mass and R is the internuclear distance. Then Eq. (16) reads
Here, we use the fact that N is perpendicular to the internuclear axis in a diatomic molecule, i.e. N · r β = 0. Due to the axial symmetry about the internuclear axis z in the molecule, any terms containing odd powers of x i and y i are zero, and Eq. (17) can be further simplified to 
where the coordinates are defined in Fig. 4 
where 
Here Y m l (θ, ϕ) = (−1) m 2l+1 4π (l−m)! (l+m)! P m l (cos θ)e imϕ are the spherical harmonics with the associated Legendre polynomials P m l (cos θ) and only the s (l = 0, m = 0) and p (l = 1, m = 0, ±1) states are involved. One can easily obtain I 0,0;n = δ n,0 , I 1,0;n = δ n,0 + 2 5 δ n,2 , and I 1,±1;n = 1/2(−δ n,0 + 2 5 δ n,2 ), which leads to γ Due to the facts that c 1,m 1 and R r 1Cs , r 2Li at large R, the first-order sr coupling constant can be approximated as
which is plotted as a function of R in Fig. 5 (b) (orange curve).
Weighting the R-dependent firstorder sr coupling by the nuclear WF leads to γ (1) (R)B(R)|Rψ(R)| 2 ∝ R 2 for R > R LR , the large-R part dominating the first-order effect in our simple model.
Second-order contribution
The second-order effect is due to the combined perturbations of the so and orbit-rotation coupling. The resulting energy shift is expressed in Eq. (4), which can be rewritten as
where
To retain the form of γ 
The numerical result of Eq. (26) based on WFs in Appendix VI A 1 is plotted versus R in Fig. 5(b) . Weighting the R-dependent second-order sr coupling by the nuclear WF leads to γ (2) (R)B(R)|Rψ(R)| 2 ∝ R −3 for R > R LR , the small-R part dominating the second-order effect in our simple model.
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